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A pre-natural class of modules over a ring R is one that is closed under iso-
morphic copies, submodules, arbitrary direct sums, and certain essential extensions.
The set  pr R of all pre-natural classes is a lattice, which contains many previously
studied lattices of R-module classes. The sublattice structure of  pr R is studied in
this paper and is related to ring and module properties of R © 2000 Academic Press
0. INTRODUCTION
Modules are right unital over an arbitrary ring R with identity. For a right
R-module N , the injective hull of N is denoted by ENR or simply by EN .
For a right R-module M ∈ Mod-R, the trace of M in EN is the module
trMEN = fM  f ∈ HomRMEN. All module classes  here will
be closed under isomorphic copies. The trace of  in EN is the module
tr EN = fM  M ∈  f ∈ HomRMEN. A class  of modules
is a pre-natural class if it is closed under (i) submodules, (ii) arbitrary direct
1 The research of the second author was supported partially by the NSERC Grant
OGP0194196. The ﬁrst author thanks Memorial University for their hospitality during a re-
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sums, and (iii) for every N ∈ , also tr EN ∈ . The collection  pr R
of all pre-natural classes was invented by Zhou [20, Deﬁnition 2.1], and
studied in detail in [22]. There it was also shown that  pr R is a set [22,
Proposition 1.6], and a complete lattice with 0 = 0 and 1 = Mod-R
with class inclusion as partial order.
The interest and importance of  pr R stems from the fact that it contains
as subsets almost all the important lattices of module classes associated with
a ring R and the fact that lattice properties of these sublattices in some
cases mirror ring and module theoretic properties of R. Some of these
sublattices will be described next. For a ﬁxed module M , σM	 denotes the
full subcategory subgenerated by M , i.e., submodules of quotient modules
of M-generated modules. A class  ⊆ σM	 is an M-natural class if it is
closed under (i) and (ii) above, and (iii) for any N ∈ , trMEN ∈ .
Note that trMEN = trσM	 EN if N ∈ σM	, so that an M-natural
class is a special kind of a pre-natural class. Let  RM denote the set
of all M-natural classes. These classes are studied in [10, 20], and see [22]
for more details. Last, a class  ⊆ Mod-R is a natural class if it is closed
under (i), (ii), and injective hulls. It is known that the set rR of all
natural classes as well as  RM forms complete Boolean lattices (see [2,
Theorem 4.7; 4, Theorem 2.15], respectively.) It was shown in [22, Example
2.4] that  RM ⊆  pr R and rR ⊆  pr R need not be complete
sublattices.
However, it was shown by Zhou in [22, Theorem 2.6] that the set  pr R
of all hereditary pre-torsion classes is a complete sublattice of  pr R. A
class  is a hereditary pre-torsion class if it is closed under (i), (ii), and
quotient modules, which happens iff  = σM	 for some module M .
For an arbitrary pre-natural class , Section 1 extends some of the the-
ory of  pr R to the lattice  p R =  ∩    ∈  pr R. When
 = σM	 pr  R is the set of all hereditary pre-torsion classes in
σM	. These were called M-ptors in [11] and were studied in [11, 16, 17].
Three main results concerning Tpr  R are established. It is a complete
sublattice of  pr R. It is algebraic and upper continuous. Let rR ⊆

p
r R denote the hereditary torsion classes, i.e., hereditary pre-torsion
classes closed under extensions. A surprising counterexample (3.4) shows
that rR need not be a sublattice of  pr R.
The M-natural classes  RM are a natural setting to study various
chain conditions and direct sums (see [10, 20]). But  RM =  ∩
σM	   ∈ rR. This naturally suggests that σM	 should be replaced
by an arbitrary pre-natural class . We show that for any pre-natural class
,  R =  ∩   ∈ rR is a sublattice of  pr R. The second
result is that it is a complete Boolean lattice. However, we are unable to
determine for what  is  R a complete sublattice of rR. While it
is too much to expect rR to have certain prescribed lattice properties, it
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is reasonable to take special kinds of  in order to produce special kinds
of lattices  R. Thus is it shown that the lattice  R is algebraic
iff every nonzero R-module in  contains an atomic submodule. An atomic
module is a nonzero module of which any two nonzero submodules have
nonzero isomorphic submodules. The investigation of compact elements in

p
r R was begun in [22, Proposition 5.2], and [Corollary 5.3], where it
was shown that Npr R is algebraic iff every nonzero R-module contains an
atomic submodule, but only under the blanket assumption that  RM
is a complete sublattice of Npr R for each module M . Thus the present
result removes the restrictive completeness hypothesis on the  RM’s,
which in general is not satisﬁed [22, Example 2.4], but at the expense of
obtaining the algebraicity conclusion for the smaller sublattice  R.
For any nonempty class  of modules, let d  ∈ rR denote the natural
class generated by  , and let c  be the Boolean complement of d  in
rR. Thus
d  = N  ∀ 0 = X ≤ N ∃ 0 = Y ≤ X
where Y ↪→ P ∈  for some P ∈  
c  = N  ∀ 0 = X ≤ NX ↪→ P for all P ∈  
In particular, for any R-module N , cN = cN, and dN = dN.
And we let M = ⊕t∈IXt , where Xt  t ∈ I is a complete set of represen-
tatives of the isomorphism classes of cyclic modules which are submodules
of modules in  . There is a lattice isomorphism  R ∼=  R d,
where rR =  R c ⊕  R d. Previously, this had been only
proved for  a hereditary pre-torsion class  = σM	 [2, Theorem 4.7].
Here the reader should be aware how very different the two lattices
 R d and  R are. In the ﬁrst, classes are closed under injec-
tive hulls, in the second they are not if  is not closed under injective
hulls. We are actually able to say a little more about the internal structure
of  pr R. There is a lattice direct sum  pr R =  pd ⊕  pc, and a lat-
tice homomorphism ϕ   pr R −→  R with Kerϕ =  pc, while
the restriction ϕ   pd −→  R is a retract. The latter generalizes [3,
Theorem 3.15] from a hereditary pre-torsion class to a pre-natural class.
An example shows that, in general,  pr R is not a complemented lattice.
For modules A and B, write A ⊥ B if A and B do not have any nonzero
isomorphic submodules. An R-module M is called a large module if for
every nonzero R-module NM and N have nonzero isomorphic submod-
ules. Then  pr R is a complemented lattice iff for any R-module A, there
exists a module B such that B ⊥ A, A⊕ B is large, and X⊥ = 0 for a ﬁnite
subset X ⊆ A⊕ B.
In the next Section 3, the interrelatedness of lattice properties of our
lattice  pr R and ring and module theoretic properties of R and Mod-R
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is pursued further. There the lattice join operation of  pr R is related to
the module extension operator E−−. For any module classes 12,
deﬁne E12 = M  ∃X ≤ M such that X ∈ 1 while M/X ∈ 2.
Note that Ext1RAB = EB A. The ﬁrst step is to show that σM	 is
closed under extensions iff 1 ∨2 = E12 for all 12 ∈  RM.
(See Proposition 3.1.) An example demonstrates that E−− is not an
operation on  pr R (Example 3.7). The next result (Proposition 3.3)
shows that rR ⊆  pr R is a sublattice iff 1 ∨ 2 = E12 for
all 12 ∈ rR. Viola-Prioli [13] began to study rings R for which

p
r R = rR. In [15] Viola-Prioli and in [7] Handelman conjectured
that R is right Noetherian provided  pr R = rR. Next Fenrick [5]
proved that if  pr R = rR for a right Noetherian ring R, then R is
a right V -ring. But as stated by Viola-Prioli in [15], in spite of Fenrick’s
result, even in the Noetherian case, the question, for which rings R is

p
r R = rR, remained wide open. This question is ﬁnally once and
for all satisfactorily resolved at least for the class of Noetherian rings in
Proposition 3.7, which gives ﬁve equivalent conditions the ﬁrst three being:
(1) R is right Noetherian with  pr R = rR. (2) R is a right QI-ring. (3)
1 ∨2 = E12 for all 12 ∈  pr R.
The fourth and last section shows that  pr   is a contravariant functor.
Any surjective ring homomorphism ϕ  R −→ S induces a lattice monomor-
phism ϕ#   pr S −→  pr R whose image is a complete and convex sub-
lattice isomorphic to  pr S. One advantage of a functorial approach is that
it identiﬁes several complete sublattices that  pr R must necessarily have.
Usually, ϕ#rS ⊆ rR. However, some of the known functoriality of
r  [4, Theorem 5.13] is extended to   .
The observations in the next lemmas will be used frequently in this paper.
Lemma 0.1. Let  ∈  pr R.
(1)  = σM	 ∩ dM.
(2) If  = σN	 ∩ dN, then σN	 = σM	 and dN = dM.
Proof. Part (1) is by [22, Lemma 1.11] and 2 is immediate.
Lemma 0.2. If i = σXi	 ∩ dXi i ∈ I, then
∨
i∈I i = σ⊕i∈IXi	 ∩
d⊕i∈IXi.
Proof. By [22, Lemma 3.2], i is the smallest pre-natural class contain-
ing Xi. Thus,
∨
i∈I i is the smallest pre-natural class containing ⊕i∈IXi.
So, by [22, Lemma 3.2],
∨
i∈I i = σ⊕i∈IXi	 ∩ d⊕i∈IXi.
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1. THE SUBLATTICE  pr  R
For a pre-natural class , let  pr  R =  ∩    ∈  pr R. When
 = Mod-R,  pr  R =  pr R is the set of all hereditary pre-torsion
classes. When  = σM	,  pr  R is the set of all hereditary pre-torsion
classes contained in σM	, which was denoted by M-ptors in [11] and is the
subject of [11, 16, 17].
Proposition 1.1. The following statements are equivalent for a pre-natural
class :
(1)  ∈  pr  R.
(2)  is a subclass of  such that  is closed under submodules, direct
sums, and whenever A→ B→ 0 with A ∈  and B ∈  we have B ∈  .
Proof. 1 ⇒ 2. It is obvious.
2 ⇒ 1. We claim that  =  ∩ σM	. Clearly,  ⊆  ∩ σM	.
Let X ∈  ∩ σM	. There exists an index set I and a submodule C of
M
I
 such that X is embeddable in M
I
 /C. Write X ∼= A/C where A is a
submodule of MI . Since M
I
 is in  , A is in  . So, by 2, X is in  .
Thus, the claim is proved.
It was proved in [22, Theorem 2.6] that  pr R is a complete sublattice
of  pr R. More generally, we can prove that  pr  R is a complete sub-
lattice of  pr R for any  ∈  pr R.
Lemma 1.2. For any  ∈ rR and i ∈  pr R i ∈ I, ∨i∈I ∧i =
 ∧ ∨i∈Ii.
Proof. Obviously, we have ∨i∈I ∧i ⊆  ∧ ∨i∈Ii. In view of [22,
Lemma 1.4], the proof will be complete if we can show that every cyclic
module N ∈  ∧ ∨i∈Ii is in ∨i∈I ∧ i. Write i = σMi	 for each
i ∈ I. Then N ∈ ∨i∈Ii = ∨i∈IσMi	 = σ⊕i∈IMi	 (by [22, Theorem 2.6]).
Since N is cyclic, N ∈ σ⊕i∈I0Mi	 = ∨i∈I0i, where I0 is a ﬁnite subset of I.
So, we may assume that I is a ﬁnite set. Since any join of elements in  pr R
is still in  pr R (see [22, Theorem 2.6]), we may assume that I = 1 2.
Let M = M1 ⊕M2. Now N ∈  ∧ σM	. Then N ⊆ EMN ∈  ∧ σM	
and EMN = EM1N +EM2N. It follows that EM1N ∈  ∧ σM1	 and
EM2N ∈  ∧ σM2	. We actually proved that every nonzero module in
 ∧ σM1 ⊕M2	 has a nonzero submodule in  ∧ σM1	 or  ∧ σM2	.
So, we have EMN ∈ dM, where  =  ∧1 ∨  ∧2. Since  =
σM	 ∩ dM, EMN = EM1N + EM2N ∈ σM	. Thus, EMN ∈
 , which shows N ∈  .
Theorem 1.3. For every pre-natural class ,  pr  R is a complete sub-
lattice of  pr R.
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Proof. Let i =  ∩ i ∈  pr  R i ∈ I, where all i ∈  pr R.
Clearly, ∧i∈Ii =  ∩ ∩i∈Ii ∈  pr  R. Write  = 0 ∩ 0, where
0 ∈ rR and 0 ∈  pr R. Note that ∨i∈Ii ∈  pr R by [22,
Theorem 2.6]. In view of Lemma 1.2, we have ∨i∈Ii = ∨i∈I0 ∩0 ∩i =
0 ∧ ∨i∈I0 ∩ i	 = 0 ∧ 0 ∧ ∨i∈I0 ∩ i	 =  ∩ ∨i∈I0 ∩ i	 ∈

p
r  R. Therefore,  pr  R is a complete sublattice of  pr R.
Since  pr R is a special case of  pr  R when  = Mod-R, we would
like to know which properties of the lattice  pr R can be extended to

p
r  R.
An element c in a complete lattice L is said to be compact if for any
subset Y of L with c ≤ ∨a  a ∈ Y, we have c ≤ ∨a  a ∈ F for a
ﬁnite subset F of Y . A complete lattice is said to be algebraic if each of
its elements is the join of compact elements. By Golan [6],  pr R is an
algebraic lattice. More generally, we can prove that the lattice  pr  R is
algebraic for any pre-natural class .
Lemma 1.4. Let  be a pre-natural class. If M = i∈IMi ∈ , then  ∩
σM	 = ∨i∈I ∩ σMi	.
Proof. Write  = 0 ∩ 0, where 0 ∈ rR and 0 ∈  pr R.
Since M ∈ , 0 ∩ σM	 = σM	. Thus,  ∩ σM	 = 0 ∩ σM	 =
0 ∧ ∨i∈IσMi	 = ∨i∈I0 ∧ σMi	 = ∨i∈I ∧ σMi	. The second to
the last equality is by Lemma 1.2.
Lemma 1.5. Let  be a pre-natural class. If  ∈  pr  R, then  =
 ∩ σM	.
Proof. Write  =  ∩  , where  ∈  pr R. Note that M = ⊕t∈IXt ,
where Xt  t ∈ I is a complete set of representatives of the isomorphism
classes of cyclic modules in  . Then  is the smallest pre-natural class
containing M . Thus,  ⊆ σM	 ⊆  . It follows that  =  ∩ σM	.
Proposition 1.6. Let  be a pre-natural class.  ∈  pr  R is compact
iff  =  ∩ σM	 for some ﬁnitely generated module M ∈ .
Proof. Suppose  ∈  pr  R is compact. Write  =  ∩  for some
 ∈  pr R. By Lemma 1.5, we may write  =  ∩ σX	, where X =
⊕t∈IXt ∈  with all Xt cyclic. By Lemma 1.4,  =  ∩ σX	 = ∨i∈I ∩
σXi	. Since  is compact in  pr  R, there exists a ﬁnite subset F of I
such that  = ∨i∈F ∧σXi	, which is, by Lemma 1.4, equal to  ∩σN	,
where N = ⊕i∈FXi ∈ .
Suppose that  =  ∩ σM	 for some ﬁnitely generated module M ∈ 
and  ≤ ∨i∈Ii where i ∈  pr  R. By Lemma 1.5, we may write i =
 ∩ σXi	 with Xi ∈ . Then  ≤ ∨i∈I ∩ σXi	 ≤  ∩ ∨i∈IσXi	 =
 ∩ σ⊕i∈IXi	. Since M ∈  is ﬁnitely generated, M ∈ σ⊕i∈FXi	 for a
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ﬁnite subset F of I. Thus,  =  ∩ σM	 ⊆  ∩ σ⊕i∈FXi	 = ∨i∈F ∩
σXi	 = ∨i∈Fi. The second last equality is by Lemma 1.4. Thus,  is
compact in  pr  R.
Theorem 1.7. For any pre-natural class , the lattice  pr  R is
algebraic.
Proof. Let  ∈  pr  R. By Lemma 1.5, there exists a module X
such that X = ⊕i∈IXi with all Xi cyclic, X ∈ , and  =  ∩ σX	. By
Lemma 1.4,  = ∨i∈I ∩ σXi	. By Proposition 1.6, each  ∩ σXi	 is
compact in  pr  R. Thus,  pr  R is algebraic.
The atoms of  pr  R can be determined as follows.
Proposition 1.8. Let  be a pre-natural class.  ∈  pr  R is an atom
iff  =  ∩ σM	 for some 0 =M ∈  such that M ∈ σX	 for any nonzero
subfactor X ∈  of M .
Proof. Suppose  ∈  pr  R is an atom. Then M = 0 and  =
 ∩ σM	 (by Lemma 1.5). Then, for any nonzero subfactor X ∈  of
M , 0 =  ∩ σX	 ⊆  . Thus  =  ∩ σX	 because  is an atom. Since
M ∈  , M ∈ σX	.
Suppose  =  ∩ σM	 for some 0 = M ∈  such that M ∈ σX	
for any nonzero subfactor X ∈  of M . Then  = 0. Let 0 = A ∈  .
Then A is essentially embeddable in MI/L for some index set I and
some submodule L of MI. Then there exists a nonzero submodule X of
A such that X is isomorphic to a subfactor of M . Thus, M ∈ σX	 and
so  ⊆  ∩ σX	 ⊆  ∩ σA	. This gives that  =  ∩ σA	. Note that
 ∩ σA	 is the smallest element in  pr  R containing A. So,  is an
atom in  pr  R.
The next proposition shows that every  pr  R can be regarded as a
sublattice of  pr R.
Proposition 1.9. For  ∈  pr R, deﬁne f   pr R −→  pr  R given
by f   =  ∩  . Let 0 = σX	  X ∈ . Then the following statements
hold:
(1) f is onto, f 0 = 0, and f 1 =  the greatest element of

p
r  R.
(2) f preserves arbitrary inﬁma.
(3) 0 is a complete sublattice of 
p
r R and f 0  0 −→ 
p
r  R
is a lattice isomorphism whose inverse sends  to σM 	.
(4) If  ∈ rR, then f preserves arbitrary suprema.
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Proof. Parts (1) and (2) are obvious. Part (4) is by Lemma 1.2. For
3, clearly 0 is a complete sublattice of  pr R. The restriction f 0 is
onto by Lemma 1.5. It is easy to see that f 0 is one-to-one. Also f 0
preserves arbitrary suprema by Lemma 1.4. It follows that f 0 is a lattice
isomorphism whose inverse sends  to σM 	.
Corollary 1.10. (1) If  pr R is distributive, then so is  pr  R for
every  ∈  pr R.
(2)  pr  R is modular for every  ∈  pr R.
Proof. Part (1) is by Proposition 1.9. For (2),  pr R is modular by [11,
Theorem 2], and so  pr  R is modular by Proposition 1.9.
A partially ordered set I is called directed if for every couple i j ∈ I there
exists k ∈ I such that i ≤ k and j ≤ k. A lattice L is upper continuous if
for every directed subset D of L and every a ∈ L, one has ∨d∈Dd ∧ a =
∨d∈Dd ∧ a.
Theorem 1.11. For every  ∈  pr R, the lattice  pr  R is upper
continuous.
Proof. We ﬁrst prove that  pr R is upper continuous. Let σXi	  i ∈
D be a directed subset of  pr R and Y be any module. For any cyclic mod-
ule X in ∨i∈DσXi	 ∧ σY 	, X ∈ ∨i∈DσXi	 = σ⊕i∈DXi	. It follows that
there exist i1 · · ·  in ∈ D such that X ∈ σ⊕nk=1Xik	 = ∨nk=1σXik	. SinceσXi	  i ∈ D is directed, there exists some j ∈ D such that σXik	 ≤
σXj	 for k = 1 · · ·  n. So, X ∈ σXj	 ∧ σY 	 ≤ ∨i∈DσXi	 ∧ σY 	.
This shows that ∨i∈DσXi	 ∧ σY 	 ≤ ∨i∈DσXi	 ∧ σY 	. It is obvious
that ∨i∈DσXi	 ∧σY 	 ≤ ∨i∈DσXi	 ∧σY 	. So, ∨i∈DσXi	 ∧σY 	 =
∨i∈DσXi	 ∧ σY 	 and  pr R is upper continuous.
Now let i  i ∈ D be a directed subset of  pr  R and  ∈

p
r  R. By Lemma 1.5, i =  ∩ i, where i = σMi	. Write
 =  ∩  and  =  ∩ 0, where  ∈ rR and  0 ∈  pr R. Then
i  i ∈ D and hence i ∩ 0  i ∈ D is a directed subset of  pr R.
Then
∨i∈Di ∧
= ∨i∈D ∩ 0 ∩ i ∧  ∩ 0 ∩  
=  ∧ ∨i∈D0 ∩ i ∧  ∩ 0 ∩   (by Lemma 1.2)
= ∨i∈D0 ∩ i	 ∧ 0 ∩   ∧ 
= ∨i∈D0 ∩ i ∧ 0 ∩  	 ∧  ( pr R is upper continuous)
= ∨i∈Di ∧ 0 ∧  ∧   (by Lemma 1.2)
= ∨i∈Di ∧.
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2. THE SUBLATTICE  R
For a pre-natural class , let  R =  ∩    ∈ rR, where
rR is the set of all natural classes. When  =Mod-R,  R = rR.
When  = σM	,  R =  RM is the set of all M-natural classes.
Proposition 2.1. The following statements are equivalent for a pre-natural
class :
(1)  ∈  R.
(2)  is a subclass of  closed under submodules, direct sums, and
whenever A is an essential submodule of B with A ∈  and B ∈ , we
have B ∈  .
Proof. 1 ⇒ 2. This can easily be veriﬁed by noting that  = 0 ∩ 0,
where 0 ∈ rR and 0 ∈  pr R.
2 ⇒ 1. Suppose 2 holds. We show that  = dM  ∩ . Clearly,
 ⊆ dM  ∩ . Let X ∈ dM  ∩ . Since X ∈ dM , X contains
⊕i∈IXi as an essential submodule with all Xi ∈  . Thus, ⊕i∈IXi ∈  . By
2, X ∈  .
Lemma 2.2. For any i ∈ rR (i = 1 2) and any pre-natural class  ,
1 ∨2 ∧ = 1 ∧ ∨ 2 ∧.
Proof. We ﬁrst assume  = σM	 is a hereditary pre-torsion class. One
inclusion is obvious. Let A ∈ 1 ∨2 ∧ σM	. Then A ∈ σM	 and, by
[19, Proposition 1.2; 22, Corollary 2.3], there exists an exact short sequence
0 → B → A→ C → 0, where B ∈ 1 and C ∈ 2. Thus, B ∈ 1 ∧ σM	
and C ∈ 2 ∧ σM	. By [22, Theorem 2.2], 1 ∧ σM	 ∨ 2 ∧ σM	
is an M-natural class. It follows from [20, Lemma 1.1] that A ∈ 1 ∧
σM	 ∨ 2 ∧ σM	. Therefore, the lemma holds in this case.
For a pre-natural class  , write  = 0 ∩ σM	 for some module M ,
where 0 is a natural class. Then
1 ∨2 ∧
= 1 ∨2 ∧0 ∧ σM	
= 1 ∧0 ∨ 2 ∧0 ∧ σM	 (rR is distributive)
= 1 ∧0 ∧ σM	 ∨ 2 ∧0 ∧ σM	 (as above)
= 1 ∧ ∨ 2 ∧.
Theorem 2.3. For any pre-natural class ,  R is a sublattice of

p
r R.
Proof. Let i ∈  R (i = 1 2). Write i = i ∩ , where i ∈
rR. It is obvious that 1 ∧2 ∈  R and
1 ∨2
= 1 ∩ ∨ 2 ∩
= 1 ∨2 ∩ ∈  R (by Lemma 2.2).
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It is easy to see that if  R is a complete sublattice of  pr R for
every  ∈  pr R, then  R is a complete sublattice of  pr R for every
 ∈  pr R.
Question 2.4. Suppose that rR is a complete sublattice of  pr R. Is
 R necessarily a complete sublattice of  pr R for every  ∈  pr R?
It was proved by Dauns [2] that  R is a complete Boolean lattice
for every hereditary pre-torsion class . The following result extends this
to any pre-natural class .
Theorem 2.5. For any pre-natural class ,  R is a complete
Boolean lattice.
Proof. It is easy to show that the intersection of any family of elements
in  R is still in  R. So,  R is a complete lattice.
 R is complemented. For  ∩  ∈  R with  ∈ rR, let

′ = c. Then  ′ ∩  ∈  R. We have  ′ ∩  ∧  ∩  =
 ′ ∧  ∧  = 0 ∧  = 0, and  ′ ∩  ∨  ∩  =  ′ ∨  ∧ 
(by Lemma 2.2) = 1 ∧ = .
 R is distributive. Let i ∩  ∈  R with i ∈ rR for
i = 1 2 3.
1 ∩ ∧ 2 ∩ ∨ 3 ∩
= 1 ∩ ∧ 2 ∨3 ∧ (by Lemma 2.2)
= 1 ∧ 2 ∨3 ∧
= 1 ∧2 ∨ 1 ∧3 ∧ (rR is distributive)
= 1 ∧2 ∧ ∨ 1 ∧3 ∧ (by Lemma 2.2)
= 1 ∩ ∧ 2 ∩ ∨ 1 ∩ ∧ 3 ∩.
Next, we consider when the lattice  R is algebraic for a pre-natural
class .
Lemma 2.6. Let  be a pre-natural class. If  ∈  R, then  =
dM ∩.
Proof. Write  =  ∩, where  ∈ rR. Since  = dM ∩σM	,
 ⊆ dM ⊆  . It follows that  = dM ∩.
We note that for a pre-natural class  and X ∈ , dX ∩  is the
smallest element in  R that contains X. We need some notation. Two
modules X and Y are said to be orthogonal and written X ⊥ Y if they have
no nonzero isomorphic submodules. A nonzero module is called atomic if
any two nonzero submodules have isomorphic nonzero submodules. For
the concept of type dimension of modules, see [21].
Lemma 2.7. Let  be a pre-natural class and X ∈ . Then dX ∩ is
a compact element of  R iff X has ﬁnite type dimension.
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Proof. Suppose X is of ﬁnite type dimension. Then X contains an
essential submodule Y such that Y = Y1 ⊕ · · · ⊕ Yn, where each Yi is an
atomic submodule and Yi ⊥ Yj for all i = j. Suppose that dX ∩  ≤
∨t∈It , where each t is in  R and the inﬁnite supremum is taken
in  R (not in  pr R). By Lemma 2.6, for each t ∈ I there exists
Xt ∈  such that t = dXt ∩ . By the remark before Lemma 2.7,
∨t∈It = ∨t∈IdXt ∩ 	 = d⊕t∈IXt ∩ . Thus, Y ∈ d⊕t∈IXt. For
each Yi, there exists ti ∈ I such that Yi and Xti have nonzero isomorphic
submodules. Thus, Y ∈ d⊕t∈JXt, where J = t1 · · ·  tn. It follows that
dX ∩ = dY  ∩ ≤ d⊕t∈JXt ∩ = ∨t∈JdXt	 ∩ = ∨t∈JdXt ∩
	 = ∨t∈Jt . Note that the second to the last equality is by Lemma 2.2.
So, dX ∩ is compact in  R.
If X is not of ﬁnite type dimension, then X contains an essential sub-
module Y such that Y = ⊕∞i=1Yi, where each Yi is nonzero and Yi ⊥ Yj
for all i = j. Thus, dX ∩  = d⊕∞i=1Yi ∩  = ∨∞i=1dYi ∩ 	, where
the inﬁnite supremum is taken in  R. If dX ∩  is compact in
 R, then there exists m > 0 such that dX ∩ = ∨mi=1dYi ∩	 =
∨mi=1dYi	 ∩  = d⊕mi=1Yi ∩ . The second to the last equality is by
Lemma 2.2. This shows that X and hence Ym+1 is in d⊕mi=1Yi. This is a
contradiction. So, dX ∩ is not compact in  R.
Theorem 2.8. Let  be a pre-natural class. Then the lattice  R is
algebraic iff every R-module in  contains an atomic submodule.
Proof. ⇐ For any  ∈  R, we can write  = dX ∩  for
some X ∈  by Lemma 2.6. By our assumption, X contains an essential
submodule N such that N = ⊕t∈INt is a direct sum of pairwise orthogonal
atomic submodules. Then  = dN ∩  = ∨t∈IdNt ∩ 	, which is a
join of compact elements in  R by Lemma 2.7 (Note that the inﬁnite
supremum is taken in  R.) So,  R is algebraic.
(⇒) For any module X ∈ , by our assumption dX ∩  is a join of
compact elements in  R. So, dX ∩ ⊇ dY  ∩ for some Y ∈ 
such that dY  ∩  is a compact element of  R. By Lemma 2.7, Y
is of ﬁnite type dimension. So, Y contains an atomic submodule N . Since
N ∈ dX, X must contain an atomic submodule.
Corollary 2.9. For any module M , the lattice  RM is algebraic iff
every module in σM	 contains an atomic submodule.
Corollary 2.10. The lattice rR is algebraic iff every R-module con-
tains an atomic submodule.
The next result extends Dauns [2, Theorem 4.7] from a hereditary pre-
torsion class to a pre-natural class. A sublattice K of the lattice L is called
convex if a b ∈ K c ∈ L and a ≤ c ≤ b implies that c ∈ K.
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Theorem 2.11. For  ∈  pr R, deﬁne g  rR −→  R given by
g  =  ∩. Let 1 =  R c and 2 =  R d. Then
(1) g0 = 0 and g1 =  the greatest element in  R.
(2) g preserves suprema of ﬁnitely many elements and arbitrary inﬁma.
(3) 1 and 2 are complete convex sublattices of rR.
(4) rR = 1 ⊕ 2 is a lattice direct sum.
(5) kerg = 1 and g2  2 −→  R is a lattice isomorphism
whose inverse sends  to dM.
Proof. Parts (1) and (3) are obvious. Part (2) follows from Lemma 2.2.
Part (4) holds because for any 1 ∈ 1 and 2 ∈ 2, 1 ∧ 2 = 0 and
for any  ∈ rR,  =  ∧ 1 =  ∧ c ∨ d	 =  ∧ c	 ∨  ∧
d	 (by Lemma 2.2). For 5, g2 is onto by Lemma 2.6 and the proof
of the rest is straightforward.
One of our next objectives is to extend g in Theorem 2.11 to a similar
lattice homomorphism ψ   pr R =  pd ⊕  pc →  R, where  ∈

p
r R,  pd =  ∧ d   ∈  pr R and  pc =  ∧ c   ∈

p
r R. We identify the lattice congruence that plays the role of the kernel
of ψ and show that ψ pd  
p
d →  R is a retract.
Let ρ be the lattice homomorphism and retract ρ   pr R → rR
deﬁned by ρ  = d  = cc  for  ∈  pr R (see [4, Theorem 2.6]).
It is interesting to note that although  pr R is not known to be “com-
pletely pseudo-complemented distributive,” it behaves as if it were [1,
Theorem 16, p. 148]. Deﬁne ψ   pr R →  R by ψ = g ◦ ρ
for g as in Theorem 2.11, where  ∈  pr R. Thus for  ∈  pr R,
ψ  = gρ  = gd  = d  ∩ . For any X ⊆  pr R, write
X⊥ = y ∈  pr R  y ∧ x = 0 all x ∈ X.
Lemma 2.12. For  ∈  pr R,
(1)  pr R =  pd ⊕  pc is a lattice direct sum of convex and com-
plete sublattices of  pr R.
(2)  pd⊥ =  pc and  pc⊥ =  pd.
Proof. (1) Note that  pd is the collection of all pre-natural classes 
such that  ≤ d. So,  pd is clearly a convex and complete sublattice
of  pr R. The same reason shows that  pc is a convex and complete
sublattice of  pr R. Obviously, 1 ∧ 2 = 0 for all 1 ∈  pd and 2 ∈

p
c. For  ∈  pr R, since 1 = d ∨ c, in view of Lemma 2.2,
 =  ∧ 1 =  ∧ d	 ∧  ∧ c	. So, (1) is proved.
(2) It follows from (1).
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The next theorem generalizes [4, Theorem 3.15] from a hereditary pre-
torsion class to a pre-natural class.
Theorem 2.13. For  ∈  pr R, let ψ   pr R =  pd ⊕  pc →
 R as above. Then the following statements hold.
(1) ψ is a lattice homomorphism preserving suprema and inﬁma of
ﬁnitely many elements such that ψ0 = 0 and ψ1 = .
(2) Kerψ =  pc.
(3) ψrR = g as in Theorem 2.11.
(4) ψ pd  
p
d −→  R is a retract.
Proof. (1) Both g and ρ are lattice homomorphisms (Theorem 2.11
and [4, Theorem 2.6]); hence so is ψ = g ◦ ρ. (Note that g preserves arbi-
trary inﬁma, while ρ presevers arbitrary suprema.)
(2) For any c ∧  ∈  pc, ψc ∧   = gdc ∧   =
gdc ∧ d  = c ∧  ∧ d  = 0. Thus, ψ pc = 0. Con-
versely, for any  ∈  pr R,  =  ∧ d	 ∨  ∧ c	. If  /∈  pc,
then  ∧ d = 0. Choose 0 = V ∈  ∧ d. Then V has a nonzero
submodule W in . Thus, W ∈  ∧ ≤ d  ∧ = ψ . So, ψ  = 0.
(3) For  ∈ rR,  = d , and always ψ  = d  ∩ =  ∩
 = g . Thus, ψrR = g.
(4) By 2 above, we have that ψ pr R = ψ pd =  R.
For x ∈  R, x =  ∧ ,  ∈ rR. Then ψx = gd ∧ 	 =
g ∧ d	 =  ∧ d ∧ =  ∧ = x. Thus, ψ R = Id.
We conclude this section by characterizing the ring R for which  pr R is
a complemented lattice. An R-module M is called a large module if, for any
nonzero R-module N , M , and N have nonzero isomorphic submodules.
A lattice L with the greatest element 1 and the least element 0 is called a
complemented lattice if, for any c ∈ L, there exists d ∈ L such that c ∧ d = 0
and c ∨ d = 1.  pr R is not a complemented lattice in general.
Example 2.14. Let Q = 2∞i=1Fi be a direct product of rings where each
Fi = 4. Let R be the subring of Q generated by ⊕∞i=1Fi and 1Q. Let N =
2F1 and  = σN	. If  has a lattice complement  ′ in  pr R, then
 ∧  ′ = 0 and  ∨  ′ = 1. It follows that  ′ ⊆ c. Thus, we have
 ∨ c = 1. Note that c = X  N is not embeddable in X. Thus, for
a right ideal I of R, R/I ∈ c iff F1 ⊆ I. Let M0 = 2F1 ⊕ ⊕R/I  F1 ⊆
I ⊆ R. Then 1 =  ∨ c ⊆ σM0	. This gives that F1 ∈ σM0	, which
is a contradiction. So,  does not have a lattice complement in  pr R.
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Theorem 2.15. The following are equivalent for a ring R:
(1)  pr R is a complemented lattice.
(2) For any R-module A, there exists a module B such that A ⊥ B,
A⊕ B is a large module, and X⊥ = 0 for a ﬁnite subset X of A⊕ B.
Proof. 1 ⇒ 2. For any module A, let  = σA	 ∩ dA. By (1),
there exists 
′ ∈  pr R such that  ∧  ′ = 0 and  ∨  ′ = 1. It follows
that 
′ ⊆ c. Thus, we have  ∨ c = 1. By Lemma 0.2, σA ⊕
Mc	 ∩ dA⊕Mc = 1. Let B = Mc. Then A ⊥ B and A⊕ B is a
large module. Since R ∈ σA⊕ B	, there exists a ﬁnite subset X of A⊕ B
such that X⊥ = 0 by [22, Lemma 6.2].
2 ⇒ 1. Let  ∈  pr R. Write  = σM	 ∩ dM. Let A = M .
By 2, there exists B such that A and B satisfy the properties in 2. Let
 = σB	 ∩ dB. Then  ∧ = 0 since A ⊥ B. Because A⊕ B is a large
module, dA ⊕ B = 1. By the fact that X⊥ = 0 for a ﬁnite subset X of
A⊕ B, we see that σA⊕ B	 = 1. Therefore,  ∨ = σA⊕ B	 ∩ dA⊕
B = 1 ∧ 1 = 1.
By Theorem 2.15,  pr  is a complemented lattice but  pr 4 is not.
3. THE MODULE EXTENSION OPERATOR E−−
In this section, we relate the join operation of  pr R to the mod-
ule extension operator E−−. For any module classes 12, let
E12 = M  X ∈ 1M/X ∈ 2 for some X ⊆ M. We have
1 ∨ 2 = E12 for all 12 ∈ rR by [19, Proposition 1.2; 22,
Corollary 2.3]. This fact is an immediate consequence of the following
result.
Proposition 3.1. The following are equivalent for a module M:
(1) σM	 is closed under extensions.
(2) 1 ∨2 = E12 for all 12 ∈  RM.
Proof. 2 ⇒ 1. Let 0 → X → N → Y → 0 be exact with XY ∈
σM	. Let 1 = σM	 ∩ dX and 2 = σM	 ∩ dY . Then 12 ∈
 RM. So, by 2, E12 = 1 ∨ 2 ⊆ σM	. Since X ∈ 1 and
Y ∈ 2, we have N ∈ σM	.
1 ⇒ 2. Let 12 ∈  RM. Write 1 = σM	 ∩ 1 and 2 =
σM	 ∩ 2, where 12 ∈ rR. We have that 1 ∨ 2 = σM	 ∩
1 ∨ σM	 ∩2 = σM	 ∧ 1 ∨2 = σM	 ∧ E12 ⊇ E12
because of 1 and [19, Proposition 1.2]. It is easy to see that E12
is closed under submodules and direct sums. We now show that E12
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is closed underM-injective hulls, and hence is anM-natural class. This then
gives 1 ∨2 ⊆ E12 since 1 ∪2 ⊆ E12. Let N ∈ E12.
Then there exist A ∈ 1 and B ∈ 2 such that 0 → A → N → B → 0 is
exact. By [10, Lemma 1], we can write EMN = EMA ⊕ C for some C.
If C = 0, C ∩ N is essential in C and C ∩ N ↪→ B. So, C is in 2. Since
EMA ∈ 1, we see that EMN ∈ E12.
Some equivalent conditions for σM	 to be closed under extensions are
contained in Wisbauer [18, 4.2].
It is easy to verify that, for all 12 ∈  pr R, E12 ∈  pr R,
and so 1 ∨ 2 ≤ E12. A. de Viola-Prioli and J. Viola-Prioli [14,
Example 5, p. 33] gave a ring R such that E12 = E21 for some
12 ∈  pr R. Thus, 1 ∨2 = E12 in  pr R in general. So, one
would like to know when 1 ∨ 2 = E12 in  pr R. But we ﬁrst
consider when 1 ∨2 = E12 in rR, where rR is the set of all
hereditary torsion classes.
Lemma 3.2. (1) E12 = E1 E12 for all 1 ∈ rR and
all 2 ∈  pr R.
(2) E12 = EE122 for all 1 ∈  pr R and all 2 ∈
rR.
Proof. Let τ and τ1 be the pre-radicals corresponding to the hereditary
pre-torsion classes E12 and 1, respectively.
(1) One inclusion is obvious. Let M ∈ E1 E12. Then
M/τ1M ∈ E12, and so there exist modules A ∈ 1 and B ∈ 2
such that 0 → A → M/τ1M → B → 0 is exact. Since τ1 is a heredi-
tary torsion theory, M/τ1M is τ1-torsionfree. It follows that A = 0. So,
M/τ1M ∼= B ∈ 2. This gives that M ∈ E12.
(2) One inclusion is obvious. Let M ∈ EE122. Then
we have M/τM ∈ 2. Since τM ∈ E12, τM/τ1M =
τM/τ1τM ∈ 2. Because 2 is closed under extensions, we have
M/τ1M ∈ 2. It follows that M ∈ E12.
Proposition 3.3. The following statements are equivalent for a ring R:
(1) rR is a sublattice of  pr R.
(2) 1 ∨2 = E12 for all 12 ∈ rR.
Proof. 1 ⇒ 2. For 12 ∈ rR, 1 ∪2 ⊆ 1 ∨2. By 1, 1 ∨
2 is closed under extensions, so E12 ⊆ 1 ∨ 2. Since 1 ∨ 2 ≤
E12, 1 ∨2 = E12.
2 ⇒ 1. By 2, it is enough to show that E12 is closed
under extensions. Let 0 → X → M → M/X → 0 be exact such that
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XM/X ∈ E12 and let τ τ1 be the pre-radicals correspond-
ing to the hereditary pre-torsion classes E12 and 1, respec-
tively. It follows that M/τM ∈ E12. From τM ∈ E12,
we have τM/τ1M ∈ 2. Since 0 → τM/τ1M → M/τ1M →
M/τM → 0 is exact, we see that M/τ1M ∈ E2 E12. Note
that 2 implies that E12 = E21. So, by Lemma 3.2, we
have M/τ1M ∈ E2 E21 = E21 = E12. Thus,
M ∈ E1 E12 = E12 by Lemma 3.2.
The next example gives a ring R such that rR is not a sublattice of

p
r R. For any moduleM , let ZM and Z2M be the singular submodule
and the Goldie torsion submodule of M , respectively.
Example 3.4. Let Q = 2∞i=1Fi be a direct product of rings, where F1 =
4 = 0¯ 1¯ 2¯ 3¯ and Fi = 2 for i > 1. Let R be the subring of Q generated
by 2F1 ⊕ ⊕∞i=2Fi and 1Q. Then SocR = 2F1 ⊕ ⊕∞i=2Fi is the unique
proper essential ideal of R. It follows that ZR = 2F1 and K = ⊕∞i=2Fi is
nonsingular and hence projective. Note that ZR and K are complements
of each other in R. So, ZR is essentially embeddable in R/K and K is
essentially embeddable in R/ZR. It follows that R/K is Goldie torsion
and R/ZR is nonsingular. So, Z2R = ZR. Let  be the class of all
Goldie torsion modules and  be the class of all projective semisimple
modules. Clearly  and  are in rR. Thus, RR ∈ E. Since Z2R
is not a direct summand of RR, R/Z2R is not projective. So, R/Z2R is
not in  . This shows that RR /∈ E. Therefore, E = E.
By Proposition 3.3, rR is not a sublattice of  pr R.
Corollary 3.5. The following statements are equivalent for a ring R:
(1)  pr R = rR.
(2) 1 ∨2 = E12 for all 12 ∈  pr R.
Proof. 1 ⇒ 2. This is by Proposition 3.3.
2 ⇒ 1. For any  ∈  pr R,  =  ∨ = E. This shows that
 is closed under extensions, and so  ∈ rR.
The study of rings R with  pr R = rR was initiated by Viola-Prioli in
[13]. It is well known that if  pr R = rR, then ZRR = 0 and I2 = I
for any ideal I of R. Corollary 3.5 can be used to obtain several properties
of those rings. For an R-module M and a subset X of M , X⊥ = r ∈ R 
Xr = 0.
Theorem 3.6. Let R be a ring such that  pr R = rR. Then the fol-
lowing statements hold:
(1) For any nonsingular moduleM and an essential submodule N ,M ∈
σN	.
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(2) Every nonsingular quasi-injective module is injective.
(3) There exists a ring decomposition R = R1 ⊕ R2, where R1 is a
semisimple ring and the right socle of R2 is zero.
(4) For any right ideal I of R, I⊥ is a complement right ideal of R and
there exists a ﬁnitely generated submodule X of I such that I⊥ = X⊥.
(5) RR has ﬁnite type dimension.
(6) R is a ( ﬁnite) direct sum of indecomposible rings.
Proof. (1) Let M be a nonsingular module and N ≤e M . Let  be
the class of all singular R-modules and  = σN	. Then M ∈ E. By
Corollary 3.5, M ∈ E. Thus, M ∈  = σN	.
(2) Let M be nonsingular quasi-injective. By 1, EM ∈ σM	. It
follows that M is EM-injective. So, M = EM is injective.
(3) By 2, every nonsingular semisimple R-module is injective; so
SocRR is injective. Then R = SocRR ⊕ I for some right ideal I of R.
Since R is semiprime and SocRR is an ideal, R = SocRR ⊕ I is a ring
decomposition and so SocII = 0.
(4) Let I be a right ideal of R. If K is an essential extension of
I⊥ in RR, then K ∈ σI⊥	 by 1. Note I⊥I = 0 since R is semiprime. It
follows that KI = 0. So, IK = 0 and hence K = I⊥. So I⊥ is a complement
right ideal of R. Let J be a complement of I in RR. Then I is essentially
embeddable in R/J. By 1, R/J ∈ σIR	. There exists a ﬁnitely generated
submodule X of I such that R/J ∈ σX	. Thus, I ∈ σX	. It follows that
I⊥ = X⊥.
(5) If not, then R contains an essential right ideal ⊕∞i=1Ii, where each
Ii is nonzero and Ii ⊥ Ij if i = j. Since R is right non-singular, IiIj = 0 for
all i = j. By 1, R ∈ σ⊕∞i=1Ii	. It follows that R ∈ σ⊕ni=1Ii	 for some n.
This gives that In+1 = RIn+1 = 0, which is a contradiction.
(6) Suppose the type dimension of RR is n. Then R cannot be a direct
sum of n+ 1 (non-trivial) rings. So, 6 follows.
The next proposition characterizes the rings R such that 1 ∨ 2 =
E12 for all 12 ∈  pr R.
Proposition 3.7. The following statements are equivalent for a ring R:
(1) R is a right Noetherian ring with  pr R = rR.
(2) R is a right QI-ring.
(3) 1 ∨2 = E12 for all 12 ∈  pr R.
(4)  pr R = rR, and E12 ∈  pr R for all 12 ∈  pr R.
(5)  pr R = rR and every singular quasi-injective R-module is
injective.
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Proof. 2 ⇒ 1 + 3. By [22, Theorem 4.1], if R is right QI then
every pre-natural class (in particular, every hereditary pre-torsion class) is
a natural class. Therefore, 1 and 3 follow from [19, Proposition 1.2].
1 ⇒ 2. By [12, Theorems 4 and 7; 22, Theorem 4.1].
3 ⇒ 2. Let M be a quasi-injective R-module and let  = σM	.
By 3,  is closed under extension. Thus,  is a hereditary torsion class.
Let τ be torsion theory corresponding to . Then τEM/M = 0¯. Let
 = dEM/M. Then EM ∈ E. It follows from 3 that EM ∈
E. Clearly, any nonzero submodule of EM is not in  . This gives
that EM ∈ , and so EM ∈ σM	. Since M is quasi-injective, M is
EM-injective. This implies that M = EM is injective. So, R is right QI.
3 ⇒ 4. This is by Corollary 3.5.
4 ⇒ 3. Let  ∈  pr R. Note that the condition  pr R = rR
and [19, Proposition 19] implies that every pre-natural class is closed
under extensions. So, E ⊆ E ∨  ∨  =  ∨  . But
 ∪ ⊆ E ∈  pr R by 4; so  ∨ ⊆ E.
2 ⇒ 5. It is clear.
5 ⇒ 2. Note that every quasi-injective module is a direct sum of a
nonsingular quasi-injective module and a singular quasi-injective module
(since ZRR = 0) and hence is injective by 5 and Theorem 3.6(2).
Handelman [7] and Viola-Prioli [15] have conjectured that R is right
Noetherian if  pr R = rR. Fenrick [5] proved that if R is right
Noetherian such that  pr R = rR, then R is a right V -ring. Viola-Prioli
remarked in [15] that in spite of Fenrick’s result, even in the Noetherian
case the characterization of the rings R for which  pr R = rR remains
open. Proposition 3.7 is a desirable response to this remark.
We conclude this section by giving a ring R such that E−− is not an
operation on  pr R.
Example 3.8. For a ring R, let  be the class of all singular R-modules
and  the class of all nonsingular R-modules. Then  are in  pr R
and E  = M ∈ Mod-R  M/ZM is nonsingular. Let Xt  t ∈ I
be a complete set of representatives of the isomorphism classes of cyclic
modules which are in E , i.e., the Xt/ZXt are nonsingular for all
Xt . By Lemma 0.1, E  is a pre-natural class iff E  is a ⊕t∈IXt-
natural class.
Now let R = ax0a  a ∈  x ∈ 2. Then R is a ring under matrix
addition and multiplication. Let I = 0x00  x ∈ 2 and J = a00a  a ∈
2. Then I ∩ J = 0. Note that a right ideal K of R is essential in RR
iff I ⊕ L ⊆ K for some nonzero right ideal L with L ⊆ J. It follows that
IR is singular and R/I is nonsingular. So, R ∈ E . Thus, E 
is a pre-natural class iff E  is a natural class. By [9, Proposition 1],
the injective hull EI is not singular. Thus I ⊆ ZEI = EI and so
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EI/ZEI is not nonsingular. This shows that EI is not in E .
Therefore, E  is not a natural class. By above, E  is not a pre-
natural class.
4. FUNCTORIALITY OF  pr  
The general problem now is to make functors out of the lattices we have
been studying, and possibly also the  in  pr  , r ,  pr  ,  pr  ,
and   . One of the side beneﬁts of adopting a functor point of view
is that it will identify certain sublattices that  pr R must necessarily have.
Next, some notation and terminology is established.
Notation 4.1. A lattice L with element 0 is called pseudo-complemented
if for any a ∈ L there exists b ∈ L such that a ∧ b = 0 and if, whenever
a ∧ c = 0 with c ∈ L, then c ≤ b. A function f  L1 −→ L2 of lattices
L1 L2 is complete if for any set xα ⊂ L1, whenever either one of
∨
xα
or
∨
f xα exists, then so does the other, in which case f 
∨
xα =
∨
f xα
and dually for the meet operation
∧
. Let  be the category of complete
pseudo-complemented lattices with 0 and 1 whose morphisms are zero pre-
serving monic complete lattice homomorphisms whose images are convex
and complete sublattices. Let 	 be the category of rings R S    with iden-
tity, and the morphisms are identity preserving surjective ring homomor-
phisms ϕ. Without loss of generality S = R/I, where I = ϕ−10 ⊆ R. Deﬁne
	∗ ⊂ 	 to be the subcategory with only those morphisms ϕ such that I < R
is a complement right ideal. (The fact that I is a complement right ideal
of R will later on be needed to ensure that nonsingular S-modules NS get
mapped into nonsingular R-modules.) If N = NS ∈ Mod−S, let Nϕ = N ∈
Mod−R denote the induced R-module, where n · r = nϕr = n · r + I.
View any category, such as 	 or  as a disjoint union of objects and mor-
phisms. Deﬁne for S ∈  pr S, ϕ#S = Nϕ  N ∈ S = Sϕ. From now
on we employ some facts in [4, 5.7, 5.8, and 5.13]. Let ϕ∗  rS −→ rR,
where for 8 ∈ rS, ϕ∗8 ∈ rR is the natural class generated by ϕ#8.
Note that in general the inclusion ϕ#8 ⊆ ϕ∗8 is proper.
For any class of modules  deﬁne t = V ∈   Z2V  = V  and
f = V ∈   ZV  = 0, and for any set of classes, such as  pr R,
t
p
r R = t   ∈  pr R and similarly for f pr R. In connection with
(3) below, recall that in general, the inverse of a bijective order preserving
map of posets need not be order preserving.
Lemma 4.2. For ϕ  R −→ S ∈ 	, let ϕ# be as above. Then the following
statements hold:
(1) For any S-module NS , ϕ#σNS	 = σNϕ	 and ϕ#σNS	 ∩
dNS = σNϕ	 ∩ dNϕ.
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(2) ϕ# is a complete lattice homomorphism.
(3) ϕ#S1 ≤ ϕ#S2 ∈  pr R ⇐⇒ S1 ≤ S2 ∈  pr S for any Si ∈

p
r S. In particular, ϕ# is one to one.
(4)  ∈ ϕ# pr S	 ⇔  = σNϕ	 ∩ dNϕ for some NS ∈ Mod-S.
(5) ϕ# pr S	 is a convex and complete sublattice of  pr R.
(6) ϕ#   pr S −→  pr R is a morphism in .
(7) ϕ#−1  ϕ# pr S	 −→  pr S is an isomorphism in . In particu-
lar, ϕ#−1 is a complete map.
Proof. (1) Note that for every NS = N , the lattices of submodules
of NS and Nϕ coincide. By the deﬁnition of ϕ#, ϕ#σNS	 = σNϕ	
and ϕ#S1 ∩ S2  = ϕ#S1  ∩ ϕ#S2  for all S1 S2 ∈  pr S. Then
ϕ#σNS	 ∩ dNS = ϕ#σNS	 ∩ ϕ#dNS = σNϕ	 ∩ ϕ#dNS =
σNϕ	 ∩ dNϕ. (Note we did not claim that ϕ#dNS = dNϕ.)
(2) From its deﬁnition, ϕ# preserves arbitrary inﬁma. By 1,
Lemma 0.1, and Lemma 0.2, ϕ# preserves arbitray suprema. So, ϕ# is a
complete lattice homomorphism.
(3) This follows from the deﬁnition of ϕ#. Part (4) is by 1 and
Lemma 0.1(1). Part (5) can be proved by the use of 4, Lemma 0.1, and
Lemma 0.2. Part (6) follows from 2 and 5.
(7) We only need to show that ϕ# pr S	 is a pseudo-complemented
lattice. It is easy to check that every element Sϕ ∈ ϕ# pr S	 has the
pseudo-complement cSϕ in ϕ# pr S	.
Proposition 4.3. Let ϕ  R −→ S ∈ 	 be a surjective ring homomor-
phism. Set  pr ϕ = ϕ#. Then the following statements hold:
(1)  pr  	 −→  is a contravariant functor; ϕ#   pr S −→  pr R ∈
 is a zero preserving monic lattice homomorphism whose image ϕ# pr S
is a convex and complete sublattice of  pr Rϕ# preserves arbitrary inﬁma
and suprema, and so does the restriction of its inverse ϕ#−1  ϕ# pr S −→

p
r S ∈ .
(2) ϕ#t pr S ⊆ t pr R and t pr ≤  pr is a subfunctor of  pr .
(3) If ϕ−10 = I < R is a right complement, then ϕ#f pr S ⊆ f pr R.
Hence when restricted to the subcategory 	∗, f pr ≤  p is a subfunctor.
Proof. (1) Let ϕ  R −→ S and ψ  S −→ T be morphisms in 	.
We show that ψ ◦ ϕ# = ϕ# ◦ ψ#. For any T ∈  pr T , write T =
σMT 	 ∩ dMT  for some T -module MT (by Lemma 0.1). Then by use of
Lemma 4.2(1), we easily get ψ ◦ ϕ#T  = ϕ# ◦ ψ#T . The rest is
by Lemma 4.2.
(2) and (3). These conclusions follow from [4, 5.8(ii), (iii)] respectively.
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Corollary 4.4. Let ϕ ∈ 	 be as in Proposition 4.3. Then the following
statements hold:
(1) ϕ# pr S ⊆  pr R.
(2) ϕ# pr S S ⊆  pr ϕR for every S ∈  pr S.
(3) The sublattices in (1) and (2) are complete sublattices of  pr R.
Lemma 4.5. For any  ∈  pr R and 8 ∈ rR, the following state-
ments hold:
(1) t ∧ = t ∧ t =  ∧ t = t ∧ .
(2) f  ∧ = f ∧ f =  ∧ f = f ∧ .
(3)  ∧ 8 = 8 ∧ t ∨ 8 ∧ f.
Proof. Conclusions (1) and (2) are clear. (3) First 8 = t8 ∨ f8, where
t8 f8 ∈ rR. It is here that Lemma 2.2 is crucial to infer that 8 ∧ =
t8 ∧ ∨ f, and now (3) is a consequence of (1) and (2).
Now the last lemma allows us to generalize [4, 2.17(iii)] from rR to
 R.
Corollary 4.6. For any  ∈  pr R,  R =  R t⊕ R f
= t R	 ⊕ f R	 is a lattice direct sum of convex and complete
sublattices.
Notation 4.7. In order to extend [4, Theorem 5.13] to  pr R, we
ﬁrst need to make a so-called pointed category 	0 out of 	. This proce-
dure is analogous to the category of sets (topological spaces) each with a
distinguished point, where morphisms preserve these distinguished points.
The objects of 	0 are all ordered pairs R S   , where R S ∈ 	,
 ∈  pr R, and  ∈  pr S. The morphisms of 	0 are also ordered pairs
ϕϕ#, where ϕ  R −→ S ∈ 	, and also necessarily  = ϕ# = ϕ. If in
addition ϕ ∈ 	∗, we also have the subcategory 	∗0 ⊂ 	.
Let ϕ∗  rS −→ rR, where for 8 ∈ rS, ϕ∗8 ∈ rR is the
natural class generated by the class ϕ#8 = 8ϕ. For classes of modules
 ⊆ 
, we say that  is dense in 
 and also that  ⊆ 
 is dense, if
every nonzero module in 
 contains an essential submodule that belongs
to  . For 8 ∩  ∈  S, and ϕ  R −→ S ∈ 	, deﬁne ϕ08 ∩  =
ϕ∗8 ∩ϕ.
In view of Theorem 2.5, let 0 be the category of complete Boolean lat-
tices, whose morphisms are monic, zero preserving, lattice homomorphisms
with convex, complete sublattice images.
Although ϕ#8 ⊆ ϕ∗8 is always dense [4, 5.10], an example later on will
show that in general this containment is proper. But, it is always true that
ϕ∗8 ∩ϕ = ϕ#8 ∩Kϕ.
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Lemma 4.8. Let  ∈  pr S and let  be a class of S-modules that is
closed under submodules. Then dϕ#  ∩ϕ = ϕ#d  ∩ϕ. In particular,
for  ∈  pr S and 8 ∈ rS, ϕ∗8 ∩ϕ = ϕ#8 ∩ϕ.
Proof. Let XR ∈ ϕ#d  ∩ ϕ. Then XS ∈ d . For ∀0 = YR ⊆ XR,
YS ∈ d . There exists 0 = ZS ⊆ YS such that ZS ∈  . Thus, ZR ∈ ϕ# .
So, we have proved XR ∈ dϕ#  ∩ϕ.
Let NR ∈ dϕ#  ∩ϕ. Since NR ∈ ϕ, NI = 0; so NS is an S-module.
For ∀0 = US ⊆ NS , UR ∈ dϕ# . There exists 0 = VR ⊆ UR such that
VR ∈ ϕ# . Thus, VS ∈  . So, NS ∈ d  and hence NR ∈ ϕ#d  ∩ϕ.
The next lemma, among other things, will show that ϕ0 is well deﬁned
and monic.
Lemma 4.9. If 8 ∈ rS,  ∈  pr S, then the following statements hold:
(1) ϕ∗d = dϕ.
(2) ϕ∗8 ∩ϕ = ϕ∗8 ∩ d	 ∩ϕ.
(3) ϕ∗8 ∩ϕ = dϕ#8 ∩	 ∩ϕ.
(4) ϕ#8 ∩ ⊆ ϕ∗8 ∩ϕ is dense.
(5) ϕ∗81 ∩ ϕ = ϕ∗82 ∩ ϕ ⇐⇒ 81 ∩  = 82 ∩ , 81 82 ∈
rS.
Proof. (1) Since ϕ#d ⊆ dϕ is dense, by deﬁnition of ϕ∗,
ϕ∗d	 = dϕ#d	 = dϕ.
(2) In view of Lemma 4.8, ϕ∗8 ∩ d	 ∩ ϕ = ϕ#8 ∩ d	 ∩
ϕ = ϕ#8 ∩ ϕ#d	 ∩ϕ = ϕ#8 ∩ϕ = ϕ∗8 ∩ϕ.
(3) Again by Lemma 4.8, dϕ#8 ∩ ϕ	 ∩ ϕ = ϕ#d8 ∩ ϕ	 ∩
ϕ = ϕ#8 ∩ dϕ	 ∩ ϕ = ϕ#8 ∩ ϕ#dϕ	 ∩ ϕ = ϕ#8 ∩ ϕ =
ϕ∗8 ∩.
(4) This is so because ϕ#8 ∩  = ϕ#8 ∩ ϕ# = 8ϕ ∩ ϕ is
dense in d8ϕ ∩ϕ.
(5) ⇐& Conclusion (3) proves this.
&⇒ Suppose that ϕ∗81 ∩ ϕ = ϕ∗82 ∩ ϕ, but 81 ∩  = 82 ∩ .
Since the 8i are closed under essential submodules, we may assume that
0 = V ∈ 82 ∩  ∩ c81. Thus Vϕ ∈ ϕ∗82 ∩ ϕ = ϕ∗81 ∩ ϕ. By (4)
above, ϕ#81 ∩  ⊆ ϕ∗81 ∩ ϕ is dense. Hence there is an essential
submodule 0 = Wϕ ≤ Vφ, where Wϕ ∈ ϕ#81 ∩ ⊆ ϕ#81. It follows that
W = WS ∈ 81. Since W ≤ V ∈ c81, also 0 = W ∈ 81 ∩ c81 = 0,
which is a contradiction.
Corollary 4.10. For any 81 ∩  82 ∩  ∈  S, ϕ∗81 ∩ ϕ ≤
ϕ∗82 ∩ϕ ⇐⇒ 81 ∩ ≤ 82 ∩.
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Proof. ⇐& This follows from d81 ∩  = 81 ∩ d ≤ 82 ∩ d
and then from Lemma 4.9(2).
&⇒ If 81 ∩ ≤ 82 ∩, then there is a 0 =  ∈ 81 ∩ ∈ 82 ∩.
Since  ∈ , this means  ∈ 82. Consequently, there is a 0 = V ≤ ,
V ∈ c82. Hence V ∈ c82 ∩ ∩ 81. Thus Vϕ ∈ ϕ∗81 ∩ϕ ≤ ϕ∗82.
We claim that Vϕ ∈ cϕ∗82. If not, there exists 0 = XR ⊆ Vϕ such
that XR ∈ ϕ∗82 = dϕ#82. Thus, there exists 0 = YR ⊆ XR such that
YR ∈ ϕ#82. It follows that YS ∈ 82 ∩ c82, which is a contradiction. So,
Vϕ ∈ cϕ∗82.
Thus 0 = V ∈ ϕ∗82 ∩ cϕ∗82 = 0, which is a contradiction.
Lemma 4.11. For any  ∈  pr R and 8α  α ∈ ; ⊆ rR, 
∨
8α ∩
 = ∨8α ∩, where the supremum on the left is taken in rR and the
one on the right is in  R.
Proof. By Lemma 2.6, write ∨8α ∩ = dX ∩ with X ∈ . Since
X ∈ ∨8α = d
⋃
8α, X contains an essential submodule
⊕
Xα, where
Xα ∈ 8α. In view of the remark before Lemma 2.7, 
∨
8α ∩ = dX ∩
 = d⊕Xα ∩  = ∨dXα ∩ 	 ≤ ∨8α ∩ . The other inclusion is
obvious.
Proposition 4.12. Let ϕϕ#  Rϕ −→ S ∈ 	0,  ∈ rS,
and let ϕ∗ ϕ0, and 0 be as in Notation 4.7. Deﬁne  ϕϕ# = ϕ0. Then
the following statements hold:
(1)      	0 −→ 0 is a contravariant functor. In particular,
ϕ0   S −→  Rϕ is a zero preserving, monic, complete lattice
homomorphism whose image ϕ0 S	 is a convex and complete sublattice
of  Rϕ, and hence is itself in 0.
(2) ϕ08 ∩ = ϕ∗8 ∩ d	 ∩ϕ = dϕ#8 ∩	 ∩ϕ.
(3)  Rϕ = A ⊕ B is a lattice direct sum of unique convex and
complete sublattices A and B, where A = ϕ0 S	.
(4) ϕ0   S −→ A is a complete isomorphism of Boolean lattices.
(5) t    ≤     is a subfunctor.
(6) If ϕ0 ∈ 	∗0 , then ϕ0f S	 ⊆ f Rϕ. When restricted
to 	∗0    =t    ⊕ f    is a direct sum of
subfunctors.
Proof. To begin with, (2) is by Lemma 4.9, (5) is by Proposition 4.3(2),
and (6) is by Corollary 4.6 and Proposition 4.3(3).
(1) Note that ϕ∗ posseses all the properties claimed for ϕ0 in (1) by
[4, Theorem 5.13]. By Lemma 4.9, ϕ0 is well deﬁned and monic, and by
Corollary 4.10, it preserves order both ways.
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For 8α ⊆ rS, in view of Lemma 4.8, ∧ϕ08α ∩  = ∧ϕ∗8α ∩
ϕ	 = ∧ϕ#8α ∩ϕ	 = ∧ϕ#8α	 ∩ϕ = ϕ#∧8α ∩ϕ = ϕ∗∧8α ∩
ϕ = ϕ0∧8α ∩ ϕ	; and in view of Lemma 4.8 and Lemma 4.11,
∨ϕ08α ∩  = ∨dϕ#8α ∩ ϕ	 = ∨dϕ#8α	 ∩ ϕ = d∪ϕ#8α ∩
ϕ = dϕ#∪8α ∩ϕ = ϕ#d∪8α ∩ϕ = ϕ#∨8α ∩ϕ = ϕ∗∨8α ∩
ϕ = ϕ0∨8α ∩ϕ	. Consequently ϕ0 S	 is a complete sublattice
of  Rϕ.
For the convexity, suppose that  ∩ϕ ≤ ϕ08∩ for some  ∈ rR.
By Lemma 4.9,  ∩ϕ ⊆ ϕ∗8 ∩ d	 ∩ϕ. Hence  ∩ dϕ = d ∩
ϕ ⊆ ϕ∗8 ∩ d	 ⊆ ϕ∗8. Since ϕ∗rS ⊆ rR is convex [4, 5.11],
 ∩ dϕ = ϕ∗80 for some 80 ∈ rS. Consequently  ∩ ϕ =  ∩
dϕ ∩ϕ = ϕ∗80 ∩ϕ = ϕ080 ∩ as required.
So far we have shown that ϕ0   S −→ ϕ0 S	 is a bijec-
tive function which preserves order both ways, whose domain and range
are complete lattices. This is enough to guarantee that ϕ0 is a complete
isomorphism.
(3) and (4). By Theorem 2.5, (3) follows, and hence (4) also holds.
Example 4.13. Take R = Fx	 to be the ring of polynomials over a
ﬁeld F . Let ϕ  R −→ S = R/xR. Then R/xR ∼= F . The additive group
of polynomials Fx−1	 in x−1 becomes an R-module, where F · x = 0 and
x−1 · x = 1. More accurately x−nxm = 0 if −n+m > 0, and x−nxm = x−n+m
if −n +m ≤ 0. Then EFR = Fx−1	 by [8, p.290]. Thus EFS = F <e
Fx−1	. Then ϕ#dFs is the class of all F-vector spaces, which are also
R-modules. Thus ϕ#dFS ⊂ ϕ∗dFS = dFx−1	 is proper.
Noting rF =  pr F ∼= 0 1, we conjecture that ϕ# pr F =
f
p
r Fx	 ∼= 0 1 is a direct summand of  pr Fx	, where  pr Fx	 =
f
p
r Fx	 ⊕ t pr Fx	.
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